Actin Cross-Linkers and the Shape of Stereocilia Supporting Material
S1 Membrane tension pushes the filaments together
Here we present numerical estimates in support of the notion that the membrane tension pushes the sparse actin filaments represented in Fig. 1(a) of the main text into a dense bundle, as pictured in Fig. S1 . As a consequence of the model described in the section Model for the Actin and Cross-Linker Dynamics of the main text, we expect the lower end of the actin bundle to have a very irregular shape due to the stochastic character of the espin detachment and subsequent actin depolymerization [ Fig. 1(a) ]. At first sight, this does not seem consistent with the smooth tapered ends observed experimentally (1) . The two behaviors are however compatible if one takes into account the influence of the membrane. Indeed, as the radius of the stereocilium ( 200 nm) is larger than the natural membrane tether radius (κ/2σ) 1/2 a few tens of nm (2) , the dominant influence of the membrane is that of its tension σ, which tends to compress the tube and therefore push the irregularly distributed filaments together, as illustrated in Fig. S1 . In doing so, the membrane lowers its surface tension energy by an amount ≈ σ t δr t , and a number ≈ 100 of actin filaments are bent with a radius of curvature ≈ 2 t /δr t over a length ≈ t , hence a cost ≈ 100k B T p × t × (δr t / 2 t ) 2 in bending energy, where p is the persistence length of actin and the other lengths are defined in Fig. S1 . Using σ 10 −5 N.m −1 , t 10 µm, δr t 100 nm and p 10 µm, we find that the tension energy gain ≈ 10 −17 J upon pushing the filaments into a tapered shape exceeds the filament bending energy cost ≈ 4 × 10 −23 J by far, thus validating our picture. Indeed, experimentally, actin filaments are observed to be packed together throughout the stereocilium (3) . Because of this packing mechanism, actin filaments that are not neighbors in = 0 might come into contact. Here we neglect the possibility that such accidental neighbors become cross-linked by espin. Therefore, we take into account the spatial structure of the bundle in the horizontal direction only through the notion of nearest neighbor in the initial ( = 0) paracrystal.
Since espin is in principle able to bind the membrane (4) and it has been shown experimentally that cross-linkers-mediated contact with the membrane stabilizes actin bundles during Drosophila bristle disassembly (5) , the membrane surrounding the actin bundle might to some extent be able to stabilize an actin filament through cross-linking in a similar way that a neighboring filament does. The question of the influence of the lateral boundary conditions on the stereocilium shape is further discussed in the section Multi-Filament Stereocilium Profiles.
S2 Single-filament dynamics with reattachment
Here we give the details of the calculations presented in the section Discrete Master Equation and Solution Far from the Polymerization Front. Figure S1 : Membrane tension tends to decrease the radius of the protrusion, and thus pushes the filaments together into a tapered shape. We respectively denote by r t , r t − δr t and t the largest radius, smallest radius and length of the tapered end. The membrane is represented in blue.
S2.1 Simplified master equation
In this section we establish Eqs. (8) , (9) and (10) of the main text by writing a master equation for the case of a single filament bound to a wall in Sec. S2.1.1, and then showing in Sec. S2.1.2 that the espin variable can be eliminated out of if, so that the evolution of filament length probability distribution can be described by an independent set of equations.
S2.1.1 Full master equation
We denote by {e i = 0 or 1} the variables representing the state of the potential espin-binding sites, with e i = 0 (e i = 1) denoting an empty (occupied) site at position i.
Let Z be an integer smaller than vt and {E i } a set of numbers equal to either 0 or 1. We recall that z is defined as the position of the filament's pointed end. The master equation describes the evolution of P {e i = E i } i∈E(Z,t) , z = Z; t ,
i.e. of the probability that the filament altitude z is equal to the integer Z and the espin variables e i are equal to the E i s at time t. Note that the probability of Eq. (S1) is a function of the E i s with indices such that i ∈ E(Z, t),
where E(Z, t) is the set of active espin sites at time t for a filament with its pointed end in Z. The condition Eq. (S2) means that i is an integer satisfying the two following conditions:
• i Z + 1. Indeed, all espins lower than the tip of the filament (i < Z) have to be off, as there is no actin filament for them to attach to. On the other hand, the espin in i = Z must be on, otherwise the filament end cannot be in z = Z (it would immediately depolymerize) and the probability of Eq. (S1) vanishes. As a consequence of this, we consider that the detachment of the espin in z and the instantaneous depolymerization of the filament to the next occupied espin site are one and the same event.
• i vt, as we do not consider what happens above the polymerization front. In the following, we consider a situation analogous to the case P 0 = 1 of the previous section, meaning that any espin at altitude i = vt has a probability one of being on. Its subsequent evolution is described by the master equation.
Following this, the master equation for the probability of Eq. (S1) is concerned only with espin detachment/attachment events. If Z vt − 1, the master equation reads
The first term of the right-hand side of this equation is the probability current away from the ({E i }, Z) state due to the detachment of the espin holding the filament's pointed end at the altitude Z, which induces a depolymerization event. The term K b is the probability current due to espin binding events. It reads
where E 0 {E i } i∈E(Z,t) , Z, t and E 1 {E i } i∈E(Z,t) , Z, t are the complementary subsets of E(Z, t) containing all indices j such that E j = 0 and E j = 1, respectively. Both terms of K b implicate the probabilities of states with the espin site j unoccupied, meaning that an espin is susceptible of binding in j. The first term represent binding events to sites such that E j = 1 and therefore represents a probability influx to the ({E i }, Z) state. The second term, on the other hand, represents events where an espin binds to a site j such that E j = 0 and thus represents a probability flux away from the ({E i }, Z) state. The term K u is the probability current due to espin unbinding events that do not induce any depolymerization (i.e. occurring at altitude Z + 1 or higher). It reads
which has a similar interpretation to K b . The term D stands for the probability current to the ({E i }, Z) state due to depolymerization events. It reads
meaning that the depolymerization of a filament with its pointed end located at the altitude Z results in an increase of the probability of the ({E i }, Z) state if and only if all espins between Z and Z are off (i.e. the filament immediately depolymerizes to the position Z) and the espin is Z is on (i.e. depolymerization stops in Z).
We now turn to the boundary condition at the polymerization front, i.e. to the master equation for vt − 1 < Z vt. At this location, none of the three first terms of the right-hand side of Eq. (S3) exist. Indeed, the filament is not allowed to depolymerize further than the polymerization front and there are no espin sites undergoing attachment/detachment events except for the one in Z.
Denoting by x the integral part (or floor) of any real number x, the master equation for the site closest to the polymerization front reads
In this equation, the first equality reflects the fact that there are no active espin sites above z = vt -otherwise said E( vt , t) = ∅. The term D is a modified depolymerization current taking into account the fact that filaments cannot depolymerize beyond the polymerization front:
This probability has exactly the same interpretation as D, except that depolymerization cannot continue beyond Z = vt and stops there whatever the state of the espin site i.e. whatever the value of e vt . The master equation is now completely specified, but the initial state of the system is not. In the following, we consider a slight generalization of the case discussed in Eqs. (8), (9) and (10) . We look at situations where the system is prepared at t = 0 in a superposition of states where the position Z 0 0 of the filament tip is well-defined, and the probabilities for the espin sites between Z 0 + 1 and 0 to be occupied are arbitrary, although independent from one another [Eqs. (8) , (9) and (10) correspond to the special case Z 0 = 0]. Here we denote the initial probability for the espin site in i to be on by
, where the {δ 0 (i)} i∈{Z 0 +1 .. −1} are arbitrary numbers to be specified depending on the particular problem at hand and δ 0 (0) = 1, meaning that the espin site located at the polymerization front is occupied. Here the notation {i .. j} with (i, j) ∈ N 2 stands for the integer interval comprising i, j and all integers in between. Leaving the filament dynamics aside, it is fairly obvious that the probability for an espin site to be occupied when at equilibrium with the espin reservoir is k 1+k . Therefore δ 0 (i) represents the deviation of the state of site i away from equilibrium. Following this discussion, the initial state is given by
where the symbol δ Z,Z 0 denotes the Kronecker delta.
S2.1.2 Integrating espin out of the master equation
The problem specified in the previous section is at first sight a very complicated one, since it deals with a system whose state is specified by a large number of variables: the filament end position z, and vt − z additional espin variables. In this section, we show that if an initial condition of the form of Eq. (S9) is used, this dynamics simplifies considerably and it is possible to write an effective master equation in a closed form for the filament height probability
where the sum is over all possible values of the espin variables. In order to prove this, we introduce the quantity
with δ(i, t) = δ 0 (i)e −(1+k)t . Here the {δ 0 (i)} i∈{Z 0 +1 .. −1} are the same as the numbers defined in Eq. (S9). The {δ 0 (i)} i∈N , on the other hand, are new constants, the value of which we discuss in the following. The factor e −(1+k)t by which the δ 0 (i)s are multiplied reflect the exponential relaxation of the espin sites towards a chemical equilibrium with the espin reservoir. Here we show that Q is a solution of the master equation provided that the {δ 0 (i)} i∈N are chosen properly and that P (Z, t) obeys a system of equations to be specified. There are two boundary conditions to be considered on top of Eq. (S3). The first one concerns the espin variables and stipulates that if vt is an integer, the probability that the espin site located at the altitude i = vt is equal to one (P 0 = 1). This condition reads
Using Eq. (S11) and the normalization condition
we find that Q satisfies Eq. (S12) if and only if
In the following, we use this condition as the definition of the {δ 0 (i)} i∈N . This implies
The second boundary condition is Eq. (S7), which Q satisfies if and only if
We now consider the initial condition. It is obvious that Q satisfies Eq. (S9) at t = 0 if and only if
Finally, we consider the master equation Eq. (S3) for a generic filament length Z vt − 1. Inserting Q into Eq. (S3), we find that the time derivatives of the two products in Q simplify with K b and K u . We are thus left with the condition
We discuss the interpretation of this equation in Sec. S2.1.4. Let us now prove more rigorously that P (Z, t) is indeed the probability of finding the pointed end of the filament in Z at time t. The problem defined in Sec. S2.1.1 has a unique solution. On the other hand, the function Q defined in Eqs. (S11) and (S15) is a solution of this problem if and only if P (Z, t) satisfies the system constituted of Eqs. (S16), (S17) and (S18). Therefore, Q is the unique solution of the problem defined in Sec. S2.1.1 if and only if the system Eqs. (S16), (S17) and (S18) has a solution that is normalized to one. This is true because of the following three reasons: this system is linear; P (Z, t = 0) is normalized to one; and Eqs. (S16) and (S18) conserve probability. Thus we proved that Q always exists, and is therefore the unique solution of the problem studied here.
In conclusion, solving the master equation of the one-filament problem is equivalent to solving the system of equations Eqs. (S16), (S17) and (S18), which are identical to Eqs. (8), (9) and (10) for Z 0 = 0.
S2.1.3 Qualitative meaning of the espin elimination
Here we reflect on the meaning of Eq. (S11). Using this equation, we find the conditional probability for the ith espin to be on assuming the filament tip is in Z (i ∈ {Z + 1 .. vt }):
meaning that the state of the espin site in i is independent of the altitude z of the pointed end as long as z < i. This is the key to the simple form of Q: in the process described here, all espins above the altitude of the filament's pointed end attach and detach independently from each other and from the filament dynamics. On the other hand, if the filament end is assumed to be at altitude Z, then the espin in Z is on with probability one, meaning that it is completely correlated with the filament, although uncorrelated with the other espins. Although this fact might seem obvious at first sight, one should note that this is only true in the special case considered here where the depolymerization rate of the filament is infinite. In the generic situation where depolymerization happens on a time scale comparable to that of the espin dynamics, the correlations between filaments and espin are not confined to the very last espin site anymore, but penetrate into the following sites. This situation is studied numerically in Ref. (6), and we propose that the case of large but finite depolymerization rates could be tackled by a perturbation scheme around the analytical results presented here.
S2.1.4 Interpretation of the simplified master equation
We now use the results of Sec. S2.1.3 to give a simple interpretation of the simplified master equation Eq. (S18). The first term of its right-hand side is the probability current away from the (Z) state (i.e. the state where the pointed end of the filament is in Z). The rate of escaping this state is 1, which is the detachment rate of the espin holding the filament in Z. The second term represents the probability influx to the (Z) state. This influx is due to filaments depolymerizing from any altitude Z < Z to the altitude Z, which is reflected by the sum over Z . Just like a filament in Z, a filament in Z has a rate 1 of depolymerizing, which is the off rate of the espin located at altitude Z . Whether it is going to depolymerize all the way to the altitude Z depends on the state of the espins located between Z and Z. Let us consider a filament with its pointed end in Z that starts depolymerizing. It contributes to ∂ t P (Z, t) under two conditions. First, all espins between Z and Z have to be off, which happens with probability [see Eq. (S19)]
Second, the espin in Z has to be on, which happens with probability
1+k . Since as shown in Sec. S2.1.3 the espins above the pointed end of the filament behave independently from each other, we just have to multiply these probabilities to account for the form of Eq. (S18).
S2.2 The no-reattachment probability distribution is a solution of the master equation
Here we show that the probability distribution of Eq. (3) is a stationary solution of the problem specified by Eqs. (S16) and (S18) [or equivalently Eqs. (8) and (9)] for n = 1 (single filament case), k = 0 (no espin reattachment) and P 0 = 1 (all espin sites are occupied at the polymerization front). Note that the initial condition Eq. (S17) [or equivalently Eq. (10)] need not be considered as it is irrelevant in the stationary state. In the coordinate system defined in Fig. 3 , Eq. (3) yields the following probability for the altitude of the filament's pointed end to be at altitude Z or larger
where P f (Z) is the probability for the filament's pointed end to be exactly in Z < vt . In Sec. S2.2.1 we show that this probability distribution satisfies the bulk master equation Eq. (S18), then in Sec. S2.2.2 we show that it satisfies the boundary condition Eq. (S16).
S2.2.1 Bulk equation: satisfying Eq. (S18)
According to Eq. (S21), P f (Z) can be expressed as
We use Eqs. (S21) and (S22) to explicitly calculate the time derivative of P f (Z, t), which reads:
The right-hand side of Eq. (S18) can be expressed as
This is the same expression as in Eq. (S23) up to the change of dummy variable Z = Z − i, thus proving that the probability distribution of Eq. (3) is a stationary solution of Eq. (S18) in the original reference frame.
S2.2.2 Boundary condition: satisfying Eq. (S16)
According to Eq. (S21), the probability for the filament's pointed end to be exactly in z = vt is
where the first equality is due to the fact that the filament's pointed end cannot be any higher than vt . The left-hand side of Eq. (S16) reads:
Using Eqs. (S22) and (S25) we can express the right-hand side of Eq. (S16) in a similar way to what was done in Eq. (S24):
This expression is equal to that of Eq. (S26), thus proving that for n = 1, k = 0 and P 0 = 1 the probability distribution of Eq. (3) is a stationary solution of the system of equations Eqs. (S16) and (S18), and therefore of the full problem formulated in the section Discrete Master Equation and Solution Far from the Polymerization Front of the main text.
S2.3 Exact solution at chemical equilibrium
According to Eq. (S19), the probability for the espin site located at altitude i > z to be occupied is equal to
1+k . This allows us to extend our interpretation of δ 0 (i) to δ(i, t), which we can now interpret as the deviation of the espin density at site i from the steady-state density k 1+k corresponding to a situation where site i is in equilibrium with the espin reservoir. Depending on the value of i, this imbalance can have two distinct origins. For i ∈ {Z 0 + 1 .. − 1}, it originates in the arbitrarily chosen initial state of the espin site, which is reflected by our choice of the {δ 0 (i)} i∈{Z 0 +1 .. −1} . For i 0, it comes from the fact that espin sites are always occupied at the polymerization front (they are incorporated into the actin bundle with probability one). With time, however, espin sites lose the memory of their initial conditions, and relax back to an equilibrium with the espin reservoir. This is reflected by the fact that for i < 0, δ(i,
. In this section, we tackle the effective dynamics of the pointed end in a situation where all espins are in chemical equilibrium with the bulk, which is valid for long times and far away from the polymerization front. Let us define Q by
Here the boundary condition Eq. (S16) need not be considered as the polymerization front is assumed to be far away. Thus we only need to solve the system constituted by Eqs. (S17) and (S18), which now read
where the index e denotes the fact that the espins are at equilibrium with the reservoir. In Sec. S2.3.1 we establish a preliminary result, and use it in Sec. S2.3.2 to solve this system of equations. Finally, in Sec. S2.3.3 we write down the exact asymptotic (i.e. far away from the polymerization front) solution of the problem presented in the section Discrete Master Equation and Solution Far from the Polymerization Front of the main text, and derive its diffusive limit as presented in Eq. (11).
S2.3.1 Preliminary result
Let (A, i) ∈ N * 2 with i < A. Here we prove the relationship
by recursion over A.
1. Base case. Let A = i + 1. In this case, Eq. (S30) reads
which is true as both sides of the equation are equal to i!.
2.
Incrementing A by one unit, the left-hand side of Eq. (S30) reads
where we made the change of dummy variable j = j − 1. The right-hand side of Eq. (S30), on the other hand, reads
Using the recursion hypothesis shows that the last terms of Eqs. (S32) and (S33) are equal, thus establishing Eq. (S30) for all As.
S2.3.2 Full solution
We now show that 
This equality is proved by using Eq. (S30) with A = Z − Z 0 .
S2.3.3 Chemical equilibrium probability distribution
Using Eq. (S28), Eq. (S34) yields
where it is understood in Eq. (S36b) that Z > Z 0 [note that P (Z, t) = 0 for Z < Z 0 ]. Eq. (S36) describes the depolymerization dynamics of the filament. Since Eq. (S29b) is invariant by both time and space translations, we expect that depolymerization takes place at a constant average velocity. Also, since depolymerization is a stochastic process, the initially peaked altitude distribution Eq. (S29a) broadens as time increases. These features are indeed observed of Fig. S2(a) , where we plot the probability distribution P e derived here. From an analytical point of view, the dynamics of the pointed end is expected to be diffusive on long length and time scales. We show this by considering the t → +∞ limit, where Stirling's approximation can be applied to the factorials of Eq. (S36) and the discrete sum can be replaced by an integral. Expanding the resulting expression to lowest order in 1/t in the scaling region defined by Z − Z 0 (t) = O(t) and
yields a gaussian integral, which we compute to find
which is equivalent to Eq. (11). It is in good agreement with the full, discrete solution for long times, as shown in Fig. S2(b-c) .
S3 Long stationary filament with reattachment
Here we give the details of the calculations presented in the section Growth Transition and Stationary State of the main text. In Sec. S3.1 we supplement the discussion of the section Growth Transition and Stationary State of the main text with a few more technical considerations and show that the master equation describing the single-filament depolymerization process cannot be mapped onto a Fokker-Planck equation in the continuum limit. We then extend the master equation to cases where a single filament is bound to several walls, in Sec. S3.2. In Sec. S3.3, we derive an appropriate continuum limit for this generalized master equation. The stationary solution of this problem is given in Sec. S3.4.
S3.1 Designing a continuum limit suitable for the study of the stationary state
Before taking on the derivation of a continuum limit for the master equation considered here, we need to discuss one more consequence of Eq. (14).
The section Stereocilium Shape Without Espin Reattachment of the main text mentions that the v → +∞ limit means that the stereocilium shape is smooth, and therefore that it can be treated in some continuum limit. Sec. S2.3 demonstrates that on large length scales, the behavior of the pointed end can be assimilated to a particle diffusing in a locally homogeneous environment. It is tempting to extrapolate this result to the regions where espins are not in equilibrium with the reservoir. Doing so is actually a very common continuum approximation for one-dimensional stochastic processes, and is equivalent to approximating the master equation of Sec. S2.1.1 by a Fokker-Planck equation (i.e. a diffusion equation with position-dependent drift and diffusion coefficient) (7) . From the considerations of the section Growth Transition and Stationary State, we however see that such an approximation is not valid. In order to understand this, we remind ourselves that there are two conditions of applicability of the Fokker-Planck approximation. The first one is that the scale over which the environment is inhomogeneous (in this case, the decay length v 1+k of the espin density) must be much larger than the distance between two sites. This is the case as v 1+k
1. But there is also a second one, which states that the size of the particle's jumps must be much smaller than the scale over which the environment is inhomogeneous. In our case, the jump size is the typical length d over which the filament depolymerizes in a single depolymerization event. According to the discussion of Growth Transition and Stationary State, d = 1/ρ( s ), where ρ( ) is given by Eq. (12) . Comparing d to v 1+k and using Eqs. (13) and (14), we find
Thus the jumps size is of the order of the length of the whole filament, and the Fokker-Planck approximation does not apply.
S3.2 Master equation with several walls for large v
Here we extend Eq. (S18) to the case where the filament is bound not to one, but to n walls, a situation pictured in Fig. 3(b) . We do this in the limit v → +∞ with α = kv fixed, as discussed in the main text. Building from our experience of stereocilia shapes acquired in the k = 0 case (section Stereocilium Shape Without Espin Reattachment) and noting that we are studying the case P 0 = 1, we are able to speculate that the upper section of the stereocilium is cylindrical over a length v ln v, followed by a transition region (corresponding to the tapered region of the stereocilium) with a size of order v, which is the non-trivial part. In this region,
This implies that the probability for an espin site located in the transition region to be occupied is of order
. In other words, espins are scarce in the transition region. Let us consider a filament with its pointed end at the altitude z belonging to the transition region and in contact with several walls, as illustrated in Fig. 3(b) . The probability for at least one of the n espin sites located at altitude z to be occupied is equal to one, otherwise the filament would not be there. Because espins are scarce in the transition region, the probability to have two or more sites occupied in Z is smaller than that of having only one by a factor ≈ v −1 . To lowest order in v −1 , we can therefore consider that the pointed end of the filament is held at the altitude z by exactly one espin.
Under this assumption, we can derive a master equation similar to Eq. (S18) using the same arguments as in Sec. S2.1.4. Here we present a qualitative justification for its form. Let P (Z, t) be the probability that the pointed end of the filament is held in Z by any one of the espin sites located at this altitude. Like previously, the filament depolymerizes from this site with a rate 1. This means that the first term of Eq. (S18) is unchanged. If a filament is initially located in Z < Z, it goes to Z upon detachment of the espin holding it in Z on two conditions. First, all espin sites between Z and Z need to be empty, which happens with probability
Second, at least one out of n espin sites in Z has to be occupied. This happens with probability
Following these arguments, the master equation for a filament bound to n walls for v 1 and in the transition region reads:
where Z 0 Z < vt. Note that the approach of this section is valid only in the transition region, which is very far away (≈ v ln v) from the polymerization front in the v → +∞ limit. Therefore the boundary condition Eq. (S16) is irrelevant here. In the
Using the same level of approximation that we used when reasoning on the scarcity of espins, we expand the master equation to lowest order in v −1 :
S3.3 Continuum limit for the master equation
According to the arguments of Sec. S3.1, the limit v → +∞ with α = kv fixed can also be understood as a continuum limit for the master equation Eq. (S42). This means that we are studying a situation where the typical decay length of the espin probability of presence is much larger than the distance between two cross-linkers, i.e. v 1. In the stationary regime, the filament tip probability distribution depends only on the coordinate = vt − Z. We define the coordinate ξ by
Since we are considering the transition region of the filament, i.e. a region of size ≈ v located at ≈ v ln v, we consider only the region where ξ is of order 1. In the v → +∞ limit, we should thus be able to derive a v-independent shape equation for the transition region as a function of ξ. We therefore write the stationary filament length probability distribution as P (ξ) = P (Z, t). According to Eq. (S43), ∂ t P (Z, t) = dP (ξ)/dξ, and the prefactor of the last term of Eq. (S42) has the following asymptotic behavior
Meanwhile, the sum behaves as
We also note that the product of Eq. (S42) has a finite limit:
where vt − Z = v ln v + vξ . Finally, we are able to write the v → +∞ continuum limit of the master equation Eq. (S42):
S3.4 Continuum solution for the stationary state
In this section we fully solve Eq. (S47), and show that it has a unique normalized solution. We define the function f (ξ) by
We divide Eq. (S47) by n α + e −ξ exp nαξ − ne −ξ , differentiate with respect to ξ and make the change of variable x = e −ξ . This yields
This second order linear differential equation has two linearly independent solutions, one of which is obviously a constant. Integration of the fraction f (x)/f (x) yields the second one. This finally yields
where c 1 and c 2 are arbitrary constants to be determined. Note that choosing the lower bound in the integral is equivalent to modifying the value of c 1 . Since 0, the variable ξ is defined on the interval ξ ∈ [− ln v, +∞[. As ln v → +∞ in the limit considered here, the normalization condition for the probability distribution reads:
Meanwhile, Eq. (S50) implies
meaning that the normalization condition Eq. (S51) can only be fulfilled if α = 0 or c 2 = 0. If α = 0 then
The asymptotic behavior of the integral in this expression is given by
Therefore if α = 0 the probability density function has the following finite limit
which prevents normalization unless c 2 = 0. Therefore c 2 always vanishes whatever the value of α. Determining c 1 from the normalization condition Eq. (S51), the filament length distribution reads
where
is the usual Gamma function (8) . Qualitatively, the filament profiles described by Eq. (S56) are quite similar to those obtained in the absence of espin reattachment and described by Eq. (5). Indeed, P (ξ) decays extremely quickly (faster than any exponential) for negative ξs, while it decays as e −(1−nα)ξ for ξ → +∞. By comparison, the distribution
[see Eq. (5)] decays as e −ξ . Eq. (4) relates the radius of the stereocilium to the probability that the filament is shorter than ξ. It is therefore interesting to write the cumulative probability distribution:
where the incomplete Gamma function is defined as
The average filament length is given by
where the digamma function and its behavior in 0 and 1 are given by (8)
where γ 0.577216 is the Euler constant. Similarly to Eq. (6), the transition region is at a distance v ln(nv) away from the polymerization front. Note that for k = 0 ⇔ α = 0, Eq. (S58) goes to the distribution given in Eq. (5). Differences with the k = 0 case (illustrated in Fig. 5 ) are observed when considering the width of the transition region, which is equal to −vψ(1 − nkv). According to Eq. (S61b) this width diverges as ∼
when k approaches the critical value
Therefore, for a large enough espin reattachment rate, a stationary filament profile ceases to exist. This is the n-walls generalization of the growth transition discussed in the beginning of the section Growth Transition and Stationary State. Indeed, for k k c , espin slows the depolymerization down so much that the pointed end can never catch up on the polymerization front.
S4 Coupling between filaments

S4.1 Numerical simulations
In order to implement the stereocilium dynamics as described in the section Model for the Actin and Cross-Linker Dynamics of the main text, we design a Monte-Carlo simulation based on the Gillespie algorithm (9). We simulate a square array of L × L filaments and denote the coordinates of a filament in the horizontal plane by (X, Y ). Each filament (X, Y ) is connected to each of its four neighbors (X ± 1, Y ), (X, Y ± 1) by an espin column [see Fig. 1(a) ].
The altitude of the pointed end of filament (X, Y ) is initially Z 0 (X, Y ) = 0, and is subsequently allowed to take any positive integer value smaller than vt, where t is the time elapsed since the beginning of the simulation. For each couple of neighboring filaments {(X, Y ), (X + 1, Y )} (or any other possible combination) and for each integer altitude i such that
there is an espin site [(X, Y ), (X + 1, Y ), i], which can be either occupied or empty. Espins are incorporated with probability P 0 = 1 in i = vt. A filament with its pointed end in z(X, Y ) cannot depolymerize if there is an espin in at least one of the four following espin sites:
. Unlike in the model presented in the main text, if all those four sites are empty, the filament does not depolymerize instantaneously but does so with a finite rate k d . In practice we set k d to a very large value (10 5 × k off or larger), therefore the simulation should yield the same results as the model presented in the section Model for the Actin and Cross-Linker Dynamics. Two types of boundary conditions are used in our simulations. The first one is a periodic array of filaments, which is convenient when numerical simulations are used to investigate the L → +∞ limit. The second one is a circular array, where we impose that all filaments whose coordinates do not satisfy (X −L/2) 2 +(Y −L/2) 2 < (L/2) 2 are maximally depolymerized, and therefore that their pointed ends are always in z = vt. This allows us to simulate actual stereocilia more realistically. Example profiles from the simulations are shown in Fig. S3. S4.2 Argument for the numerical value n eff = 2.5
Here we give an argument for why the growth transition in a square (n = 4) array of filaments is well described by an effective number of neighboring walls n eff = 2.5, as shown in Fig. 4 . Let us consider a filament of length . As mentioned in the section Couplings Modify the Growth Transition of the main text, its pointed end's local environment is similar to that presented in Fig. 3(b) , where neighboring filaments with a length larger or equal to play the role of walls. Denoting by n < , n = and n > the typical numbers of neighbors with lengths smaller, equal to or larger than , this statement can be expressed as Figure S3 : Profiles of two filament bundles obtained from the simulations described in the main text. The vertical axis represents the length = vt − z of the filaments, and was shrunk for easier visualization. In actual stereocilia, we expect the longest filaments to be brought together by the membrane as illustrated in Fig. S1 . In this case, the stereocilium radius should be calculated as Let us now consider the appearance of the bundles pictured in Fig. S3 . They have a markedly spiky appearance, which is further discussed in the next section. This implies that many filaments are sticking out of the bundle. Note however that a single filament cannot stick out on its own, as having no neighbor to cross-link its pointed end to causes immediate depolymerization. Indeed, the spikes observed in Fig. S3 are typically formed by two filaments of equal length cross-linked at their pointed end. From this typical situation we estimate
Now considering a pair (a, b) of neighboring filaments, it is obvious that if a is strictly longer than b, then b is strictly shorter than a. Summing over all pairs of neighboring filaments, this implies that the total number of longer neighboring filaments in the system is equal to the total number of shorter neighboring filaments, hence on average
Finally, the total number of neighbors for any filament is equal to n, hence
Combining Eqs. (S65) to (S68) yields n eff = 2.5, in agreement with the numerical results of Fig. 4 .
S4.3 Correlations between filaments and interface width
The results of 'Couplings modify the growth transition" show that the behavior of coupled filaments below the growth transition is rather different from that of a single filament bound to several walls, even if the number of walls is chosen to represent an effective number of longer neighbors. This anomalous behavior arises for the following reasons: in the k = 0, multi-filament case, the stochastic dynamics of each actin cross-linker is completely independent of the rest of the system. The actin filaments are slaved to the espins, and their dynamics is very simple. Therefore, correlations between the lengths of actin filaments are limited to nearest neighbors, since only filaments with a common actin cross-linker are coupled. In the case of a single filament with espin reattachment, on the other hand, the length of the filament influences the espin sites, as it determines whether a cross-linker can reattach or not. In multi-filament systems considered here, we expect filaments to be correlated over relatively long distances, as similar mutual correlations between filaments and espins mean that the state of a filament can now influence the neighboring espin column, which influences the next filament, and so on. In this section, we show that these correlations do indeed extend beyond the nearest neighbors, but present an argument suggesting that they are not sufficient to yield a self-affine interface. Let us define the two-dimensional interface width function of the bundle as
This function reflects the amount of correlations between the heights of the filaments located in (0, 0) and in (X, Y ). It is equal to 0 in the limit where the filaments are infinitely correlated, or if X = Y = 0. If the interface as a whole has a finite width 2 − 2 , then w(X, Y )/ √ 2 goes to this value in the limit where the filaments are completely uncorrelated. Finally, w(X, Y ) > √ 2 2 − 2 represents a situation where the filaments are anticorrelated. In Fig. S4(a) , we present the normalized width function of a weakly cross-linked 32×32 filament bundle, which we define as
The closer to one W (X, Y ) is, the less correlated the filaments are. Here the averages are over all filaments and over 100 time points of the bundle dynamics. The time between two time points is chosen to be larger than the time over which the length of the filaments are correlated. In other words, our time points can be considered as independent samples. We also make sure that all time points are taken after the bundle reaches its stationary state. In Fig. S4(b) , we collapse the data of this plot into a function of R = √ X 2 + Y 2 and compare it with similar ones obtained for other values of k. We observe that the correlations between filaments decay as R increases. The precise functional form of this decay (e.g. whether it is exponential for large R) is difficult to assess from the data presented here, although a more thorough study could yield more information. Another related question is whether there is a well-defined correlation length associated with this decay, and how it behaves at the growth transition. For instance, one might venture that the correlation length could diverge as k → k − c , similarly to what happens in second-order phase transitions. In the following we give a few scaling comments on the morphology of the interface, which allows us to return to these questions at the end of the present section.
It is well known that out-of-equilibrium surface growth problems similar to the one studied here can lead to rough interfaces. During the past two decades, extensive efforts have gone into characterizing this roughness in terms of the self-affine geometry of the interface (10, 11) . In terms of the width function defined here, the self-affinity property means that when R is large, w(R) grows as a well-defined power law which defines the roughness exponent ζ > 0. Determining ζ-among other exponents-allows to define universality classes among out-of-equilibrium growth processes. Another type of behavior that can be characterized using the function w(R) is the roughening transition of crystals (12) . The width of a "rough" crystal interface diverges logarithmically, which corresponds to a roughness exponent ζ = 0.
Here we discuss whether laws of the type of Eq. (S71) could apply to our stereocilium model for k < k c . At first sight, the interface defined by the lengths of the filaments as a function of X and Y has similarities with both types of models, as it is both out-of-equilibrium and as its altitude can take only discrete values determined by the periodic arrangement of the cross-linkers in the vertical direction, which is similar to what happens in a crystal. We note however that two phenomena limit the divergence of the interface width expressed in Eq. (S71). First, the finite size of the bundle means that R cannot be larger than L. Second, even for L → +∞ the interfaces presented here have a finite width of order 2 − 2 . Indeed, the polymerization front traps them in the > 0 half-space, and long filaments always tend to depolymerize if k < k c , which keeps their lengths finite, although they might fluctuate to large values. The only way for us to apply the concepts presented in Eq. (S71) to stationary stereocilia is therefore to consider systems where L and 2 − 2 are large (i.e. large bundles with k close to k c ) and study the shape of the interface in the domain where 1 R L and 1 w(R) 2 − 2 . In other words, we are wondering whether we can make a statement about width functions of the type of those presented in Fig. S4(b 
Moreover, we expect w(R) to be an increasing function of R, as neighboring filaments should have more strongly correlated lengths than filaments far apart. Let (X, Y ) and (X + 1, Y ) be two neighboring filaments with initially very similar heights z(X, Y ) z(X + 1, Y ). Now consider that (X, Y ) undergoes a depolymerization event. We saw in Eq. (S38) that the typical depolymerization length is , meaning that after the depolymerization event z(X + 1, Y ) − z(X, Y ) ≈ . This kind of event is very common in our system, which implies that since w(1) ≈ z(X + 1, Y ) − z(X, Y ), we typically have w(1) ≈ . As w(R) is an increasing function of R, we have w(R 0 )
. From the previous sections we expect that should be of order v ln v and 2 − 2 of order v. Thus in the continuum limit v → +∞ considered here 2 − 2 < . Therefore, we finally find that w(R 0 ) > 2 − 2 , which is in contradiction with Eq. (S72). In conclusion, in long stationary bundles of coupled filaments the interface reaches its maximum width 2 − 2 over distances of order a few filaments, which means that it is impossible to define a mesoscopic scale where properties of the type described in Eq. (S71) could be observed. This accounts for the very spiky appearance of the profiles presented in Fig. S3 . This also means that the width functions presented in Fig. S4(b) decay to a value very close to one on short length scales [R = O(1)]. This argument seems to indicate that correlations between the filaments are smeared out by the large depolymerization jump sizes on length scales much smaller than the size of the system. It is therefore not obvious whether correlations could span the whole system, although Fig. S4 (b) does seem to indicate that the typical correlation range grows as the growth transition is approached.
